THE COMBINATORICS OF AL-SALAM-CHIHARA 
g-LAGUERRE POLYNOMIALS 



ANISSE KASRAOUI, DENNIS STANTON, AND JIANG ZENG 

Abstract. We describe various aspects of the Al-Salam-Chihara g-Laguerre polynomials. These 
include combinatorial descriptions of the polynomials, the moments, the orthogonality relation 
and a combinatorial interpretation of the linearization coefficients. It is remarkable that the 
corresponding moment sequence appears also in the recent work of Postnikov and Williams on 
enumeration of totally positive Grassmann cells. 
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1. Introduction 

The monic simple Laguerre polynomials Ln{x) may be defined by the explicit formula: 

Ln{.)=t{-l)-'fA%\ (1) 

fc=o ■ ^ ^ 

or by the three-term recurrence relation 

Ln+i{x) = {x- (2n + l))Ln{x) - n^Ln^iix). (2) 

The moments are 

//„ = £(x")=/ x^e-^dx = n!. (3) 
Jo 
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The linearization formula reads as follows: 



where 



ni!n2!2^2+n3-25g! 



s>0 



ni)!(s - n2)!(s - n3)!(iV2 + ^3 - 2s)!?i3! ' 



Equivalently we have 



C-{Lni {x)Ln2 {x)Ln^ (x)) 



E 



ni!n2!n3!2^2+n3-2s^j 



(4) 



{s - ni)\{s - n2)\{s - n3)!(iV2 + - 2s)! ' 



Given positive integers ni, 712, . . . , such that n = ni + • • • + nfc, let 5i be the consecutive 
integer segment {ni + • • • nj_i + 1, . . . , ni + • • • + nj} with no = 0, then 5i U . . . U Sfc = [n]. 
A permutation cr of [n] is said to be a generalized derangement of specification (ni, . . . ,71^) if i 
and (T(i) do not belong to a same segment Sj for all i € [n]. Let P(ni, n2, • • • , n-fc) be the set of 
generalized derangements of specification (rii, . . . , n^) then we have 



A g-version of ([T|) was studied by Garsia and Remmel [9] in 1980. Several g-analogues of the 
recurrence relation ([2]) and moments ([3]) were investigated in the last two decades (see [2tll81[T9]) 
in order to obtain new mahonian statistics on the symmetric groups. On the other hand, in view 
of the unified combinatorial interpretations of several aspects of Sheffer orthogonal polynomials 
(moments, polynomials, and the linearization coefficients) (see |14t l20 1 [22]) it is natural to seek 
for a g- version of this picture. 

As one can expect, the first result in this direction was the linearization formula for g-Hermite 
polynomials due to Ismail, Stanton and Viennot [l2], dated back to 1987. In particular, their 
formula provides a combinatorial evaluation of the Askey- Wilson integral. However, a similar 
formula for g-Charlier polynomials was discovered only recently by Anshelevich [1], who used 
the machinery of g-Levy stochastic processes. Short later, Kim, Stanton and Zeng [15] gave a 
combinatorial proof of Anshelevich's result. 

The object of this paper is to give a g-version of all the above formulas for simple Laguerre 
polynomials. It is interesting to note that the corresponding moment sequence appears in the 
recent work on enumeration of totally positive Grassmann cells [3ll21j. 

The rest of this paper is organized as follows: We recall the definition of Al-Salam-Chihara 
polynomials, prove their linearization formula introduce the new g-Laguerre polynomials in 
Section 2. In Section 3 we study the moment sequence of the g-Laguerre polynomials. In 
particular we shall give a new proof of Williams' formula for the corresponding moment sequence. 
We derive then the linearization coefficients of our g-Laguerre polynomials in Section 4. Finally 
two technical lemmas will be proved in Sections 5 and 6, respectively. 





1. 



(5) 



(^^©(ni ,n2,.-->"fc) 
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2. AL-SALAM-ChIHARA polynomials REVISITED 

The Al-Salam-Chihara polynomials Qn{x) := Qn{x]a, I3\q) may be defined by the recurrence 
relation [HI Chapter 3]: 



Qo(x) = l, Q_i(x) = 0, 

Qn+i{x) = {2x - (a + /3)(7")Qn(x) - (1 - (/")(! - a(3q^-^)Qn-i{x), n > 0. 



Let Qn{x) = 2"-pn{x) then 



xpn{x) = Pn+i{x) + + /3)qynix) + J(l - - Q/3(/"-^K-i(x) 



They also have the following explicit expressions: 



Q„(x;a,/3|g) = — 392 



a'' 



—n —1 



{au; q)nu 2<Pi 



a/?,0 



Q,-l„-71+l^-l 



/3- 



7 '-,au 



U 



q; a qu 



where x 



ox X = cos 9 \i u = e^^ . 



The Al-Salam-Chihara polynomials have the following generating function 



G{t, x) = ^ Qn{x; a, f3\q)-^_ 



n=0 



[q; q)n {te"-^ ,te- 



49. 



They are orthogonal with respect to the linear functional Cq: 



where x = cos 9. Note that 



1 

2^ 



(cos 9) 



2ie ^-2ie. 



-d9, 



Cq{Qn{xf) = {q; q)n{al3; q)n- 



Theorem 1. . We have 



n3>0 



where 



(6) 



(7) 



(8) 



(9) 



/mo \ I /riQ +n,9 — Til — mo — 2m'3\ 

(a/3; g)„,+™3a"^2/3"3+"2-"i-™2-2™3g( a'j+l ^ ' \ ' 



('j; q) 



n3+n2—ni-m2- 



-2m3 (9; 9)7712(9; q) {q; q)m3 + 711-712 (q; q) 



7773 
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Proof. Clearly C^3„_^ (a, /3; q) = Cg{Qniix)Qn2{x)Qn3{x))/ Cq{Qn3{x)Qn3{x)). Using the Askey- 
Wilson integral: 

{q;q)oor (e^'^e"^'^; 9)00 _ {tit2hh; qU 



2^ Jo ni=i(ije*^tje-^«; g)oo Ui<j<k<4iijtk; qW 
one can prove \12\ Theorem 3.5] that 
Cg{Gih,x)G{t2,x)Git3,x)) 

_ {atit2t3,/3qtit2t3,a/3q; q)oo f tit2, tits, ^2*3 
{tit2,tiHMh\ q)oc \ atit2h, /3tit2t3 

Therefore 

j.ni ,712 j-i^a 
''2 ''3 



ni,n2,n3 



(q; q)ni (q; q)n2 {q; q) 



713 



Using the Euler formulas: 

(t; 9)00 = 2^ , y t"; TTTTT- = TTTTT*"' 



n>0 ""'"^ n>0 



{q; q)n ' (t; g)oo (g; g)n 

we can rewrite the sum in (1101) as follows: 



Substituting 



fc>0 



in pT|) . we get 



; a/3 



{atit2t3q^, /3tit2t3g^, a/3;g)oo (a^)^ 
^ {tit2q^,tit3q'^,t2t3q'^;q)oo (q; q)k' 



/ . N V- (a/?)'' V- a'^/3^^g*^(^i+^^)(-tit2t3)'^+'^g^2)+(l) 
(a/3; g 00 > 7 ^ > ^-^ ^ 

„(mi+m2+m3)fcj.mi+m2 j.mi+m3 ,mi+m3 
(^Q^l^qh+l2+mi+m2+m3-jk -j^ 



y ^ni^n2^n3 (a/3)^,+^3a'i/3'^g('^')+( 2 ) 

ii,z2,,^;^2,m3 ^ ^ ^ i^i'^ i)mi{q; q)m2{q; q)m3{q; q)h{q; q)i2 

where /i + /2 + "ii + m2 = ni, /i + ^2 + "ii + ma = n2 and li + I2 + m2 + ms = 713. 

Since /i + Z2 = -^2 + (mod 2), extracting the coefficient of ^^7^^ — \q-'q) ^{g-g) — and 
dividing by {q,a(3; g)„3 we obtain ^ where li is replaced by m2. □ 

We define the new g-Laguerre polynomials Ln{x; q) by re-scaling Al-Salam-Chihara polyno- 

1X11 ctls ' 

(_^)"«„((-i|i±i^;_L,^,,)^ (13) 
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It follows from ([7]) that the polynomials Ln{x; q) satisfy the recurrence: 

Ln+i{x; q) = {x- y[n + 1]^ - [n]g)L„(x; q) - y[n]^L.„_i(x; q). (14) 
We derive then the explicit formula for Ln{x): 

k-l 

q>^('^-^)y^-'^l[{x-{l-yq-^)[j]g). (15) 
1 j=o 

Thus 

Li(x; q) = x-y, 

L2(x; q) = x"^ - {l + 2y + qy)x + (1 + g)y^, 
L3(x; q)=x^ -{q^y + ?>y + q + 2 + 2qy)x^ 

+ (g^y^ + yq^ + q + 2qy + ?, q^y'^ + 1 + 4 gy^ + 2 y + 3 y^)x 
- {2q^ + 2q + q^ + l)y^. 

A combinatorial interpretation of these (^-Laguerres polynomials can be derived from the 
Simion and Stanton's combinatorial model for the a = s = u = 1 and r = t = q special case of 
the quadrabasic Laguerre polynomials [191 P-313]. 

3. Moments of the (^-Laguerre polynomials 

Let Sn be the set of permutations of [n] := {1, 2, . . . , n}. For a ^ Sn the number of crossings 
of a is defined by 

n n 

cr{cj) = j < i < a{j) < a{i)} + ^ #{j\j > i > a{j) > a{i)}, 

i=l 1=1 

while the number of weak excedances of a is defined by 

wex{a) = #{i|l < i < n and i < o"(i)}. 

It is useful to have a geometric interpretation of these statistics by associating with each 
permutation a of [n] a diagram as follows: arrange the integers 1, 2, . . . , n on a line in increasing 
order from left to right and draw an arc i — )• a{i) above (resp. under) the line if i < a{i) (resp. 
i > o"(i)). For example, the permutation a = 9374611581 102 can be depicted as follows: 




Thus, the number of weak excedances of a is the number of edges drawn above the line plus 
the number of isolated points, while the number of crossings of a is the number of pairs of edges 
above the line that cross or touch ( X^^^^SX or /^~\/^~\ ), plus the number of pairs of edges 
under the line that cross ( Vi^^^^^iiT" ). 



I 
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Let ^J-n\y,q) be the enumerating polynomial of permutations in 5„ with respect to numbers 
of weak excedances and crossings: 

f^^\y,q)--= (16) 

cr&Sn 

It has been proved in [3lll7t[T9] that the generating function of the moment sequence has the 
fohowing continued fraction expansion: 

E{y,q,t) := J] /.(f)(y, <z)t" = ^——^ , (17) 

n>0 l-b,t 

I -bit- 

where bn = y[n + l]g + [n]q and A„ = y[n]q. 

We derive then from the classical theory of orthogonal polynomials the following interpretation 
for the moments of the g-Laguerre polynomials. 

Theorem 2. The n-th moment of the q-Laguerre polynomials is equal to ^n\y,q)- More pre- 
cisely, let Cg be the linear functional defined by Cq{x'^) = fin {y,q), then 

Cq{Ln^{x; q)Ln2{x; q)) = y"' (ni!g)^(5„i „2. (18) 

The first values of the moment sequence are as follows: 

iJ'f\y,q) = y, 

iJ'f{y.q) = y + {^ + q)y^ + y\ 

fJ-ihy, g) = y + (6 + 4g + g2)y2 + (6 + 4g + g2)y3 + 

Combining the results of Corteel [3], Williams |21l Proposition 4.11] and the classical theory 
of orthogonal polynomials, one can write the moments of the above g-Laguerre polynomials as 
a finite double sum (cf. (j33p ). Here we propose a direct proof of this result. Actually we shall 
give such a formula for the moments of Al-Salam-Chihara polynomials. 

Definition 3. Define the y-versions of the q-Stirling numbers of the second kind by 

n k—1 

X- = Y^ Sq{n, k, y)ll{X- iUl - yq-=)). (19) 
fc=i i=o 

The y-versions of q-Stirling numbers of the first kind can be defined by the inverse matrix or 
equivalently 

n—l n 

lliX- [Ml - yq-^)) = s,{n, k, y)X\ 

3=Q k=l 

Remark 1. We have 

5,(n,fc,y)|,=i = 5(n,^)(l-y)-^ 5,(n, fc, 0) = 5,(n, A:), 
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where S{n,k) and Sq{n,k) are, respectively, the Stirling numbers of the second kind and their 
well-known q- analogues, see J 11^ - 

Consider the rescaled Al-Salam-Chihara polynomials Pn{x): 

Pn{X) = Qn{{{q - l)X + l/a^ + l)a/2; a,P\q) 

k=0 ^'^'^ 
k-l 

xll{X-[iUl-q-ya')). (20) 

j=0 

Lemma 1. The moments of the rescaled Al-Salam-Chihara polynomials Pn{X) are 

n 

fXn{a,(3) = Y,S,{n,k,l/a^){a(3- g)^^-© (1 - g)-fca-2^ (21) 
fc=i 

Proof. Let L : i— )• /i„(a,/3) be the linear functional. We check that these moments do satisfy 
L{Pn{X)) = for n > 0. Let Ok be the coefficients in front of the product in (I20p . then we have, 
using y-Stirling orthogonality, 

n k j 

L{Pn{X)) = Y,<^kY, V«') E -^^^J' Va')(«/3; q)tq-^^ (1 - g)"*a"'* 

fe=0 j=l i=l 
n 



5^afc(a/3; g)^^-© (1 - (/)-'=a-2fc 



fe=0 

n 



OL { tt^ •! ^ I 'll / , / \ 

Note that the last equality follows by applying the g-binomial formula. □ 
Lemma 2. Let p = l/q. We have 

(a/3; g)fcg~(2)(i-g)-fca-2fc^fc ^ c,{a,/3) 

(9;9)i {q^~'^'/a^;q)i {p^'^'^^ /o?]p)oo 
Proof. Note the following partial fraction decomposition formula: 



_ (zi)l + v.«^"'n'=i,y.(c 

• • • n.,. ^ 



(1 - ait)(l - 02*) • • • (1 - flfci) cL\---ak jr[ 1 - Oit 

Therefore 



n-=i(i - - 9-v«2)) 1 - - 



V ^^^^ (23) 
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where 



kin 



a 



2(fc-i)„(2)+^-*' 



(0 < i < k). 



Substituting this in (j22|) yields 



Ci[a 



(«^;g)fc 
{q;q)k 



k>i 



^(gl-2Va2;g),(gl+2^a2;g),_, 
{af3q';q)k q^ 



{q;q)k {q^+'^^a^]q)k 



{q;q)i {q^ '^^jo?- 

The result follows then by applying the i<I>i summation formula (see |10l II. 5]). 
Theorem 4. The moments finict,f3) have the explicit formula 



n k 



/i„(Q,/5) = X^IZ 



k=l 1=1 

Proof. By definition (jl9p we have 



Therefore 



q"-' {[i]g{l-q~ya^)na^;q)k 



, {q;q)k (gi-2Va2;q),(gi+2*a2.g)^_^- 
Sg{n, k, y) = Sg{n -l,k-l,y) + [k]g{l - yq~'')Sg{n - 1, k, y). 
^Sg{n,k,y)e 



n>k 



nr=i(i-[w-rt)) 



It follows from 1^ and that 
Sg{n,k,y) 



k\ 



ffc) k 



(g^ '^'y]Q)i{q^^'^'/y;Q)k-i' 

Substituting this into (j2ip yields the desired formula. 

By Lemma[T]and (j25p we obtain the generating function for the moments ^„,(a,/3): 

2^tJ,n[a,p)t =2^ 

n=0 



t^o nr=i(i-[w-^-v«')) 



□ 



(24) 



(25) 



(26) 
□ 

(27) 



The moment of g-Charlier polynomials corresponds to the /3 = 0, a = —l/y^a{l — q) case, 
while that of (7-Laguerre polynomials corresponds to the a = l/^, a(3 = q case. Therefore, 



(aqt)'' 



n=0 
00 



kJoULiiq' - q'l^ht + a{i - qMgt)' 

k\g{qtyf 



n=0 



k-- 



(28) 
(29) 
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By Lemma El we obtain, setting p = 1/q, 



n=0 



CO 



We derive then the following polynomial formulae in a and y for the corresponding moments: 

fc=i 1=0 VW V // 

Note that (132p is simpler than the formula given in jl5|. Proposition 5]. 

4. Linearization coefficients of the (^-Laguerre polynomials 
Define the linearization coefficients of the g-Laguerre polynomials by 

/(ni, . . . ,nfc) = Cq{Ln^{x; q) . . . Ln,^{x] q)) (A: > 1, ni, . . . , > 0). 
The following is our main result of this section. 
Theorem 5. We have 

I{nu...,nk)= E (34) 

0-615(711,. ..,nfe) 

For brevity, if ni = . . . = = 1, we shall write (l'^) := (ni, . . . , n^) and Pfe := Hence 
T>n is just the set of usual derangements of [n]. Define also 

dn{y,q)= E 2/"'="^'^)'?^'^^"^. 

A proof a la Viennot (cf. |12yi5|) of (|34p would use the combinatorial interpretations for the 
moments and (7-Laguerre polynomials to rewrite the left-hand side of ()34p and then construct 
an adequate killing involution on the resulting set. For the time being we do not have such a 
proof to offer, instead we provide an inductive proof. 

Since Li{x; q) = x — y, writing (fHl) as 

Li{x;q)Ln{x;q) = Ln+i{x;q) + {yq + l)[n]gL„(x; g) + y[n]^L„„i(x; g), 

we see immediately that 

/(I, n, ni, . . . , nfc) = /(n + 1, ni, . . . , n^) 

+ {yq+ l)[n]gl{n,ni,.. . + y[n]g/(n - l,ni, . . . ,71^). (35) 

Therefore, the sequence (/(ni, . . . , n^)) (/c > 1, ni, . . . , > 0) is completely determined by the 
recurrence relation (j35p and the following items: 

(i) the special values for all k > 1, 
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(ii) the symmetry of I{ni, . . . , n^) with respect to the mdices ni, . . . , n^. 
Our proof of Theorem [5] wih consist in verifying that the right-hand side of (j34p has the same 
special values at (l'^) as the right-hand side, is invariant by rearrangement of the indices and 
satisfies the same recurrence relation. 

Lemma 3. We have 1(1") = dn{y, q) for all n > 1. 

Proof. Since Li(x; q) = x — y, hy definition, 

/(!") =£,((x -yD = pylr''(^l^f'-'^^'i\y,q). 

By binomial inversion and ()16p . it suffices to prove that 

a£Sn k=0 ^ ^ 

But the latter identity is obvious. □ 

Since the two cyclic permutations (1, 2) and (1, 2, 3, . . . , A;) generate the symmetric group Sk, 
the invariance of ^„i^x>{ni n2 n^) 7/""^^('^)g'^^('^) by permuting the n[s will be a consequence of 
the following two special cases. 

Lemma 4. We have 

o-eI'(ni,n2,...,nfc) a&T>(n2,n3,...,nh,ni) 

Lemma 5. We have 

yWex{u) ^cr{a) _ yWex{a) ^cr{a) ^ ^r^j-^ 

a£'D{ni,n2,...,nk) a<^'D{n2,n\,n-i...,nk) 

We postpone the proof of the above two lemmas to the next two sections. 
Proof of Theorem [H By Lemmas [Sj H] and [U it suffices to check that 

w{a)= Yl wia) + {yq + l)[n]g ^ ^(^) (^8) 

o-6D(l,n,ni,...,nj.) o-6'D(n+l,ni,...,nj.) a-(^'D{n,ni,...,nk) 

a-£'D{n—l,ni,...,ni^) 

where w{a) = y^^^^i'^) q'^H^) , 

For derangements a £ ?i, ni, . . . , n^) we will distinguish four cases. Li each case, we 
shall describe a mapping to compute the corresponding enumerative polynomial. The reader is 
refereed to Table 1 and Table 4 in Section 5 for an illustration of these mappings in order to 
have a better understanding of their properties. 

a) o-(l), £7-1(1) >n + l. We can identify such a derangement in n, ni, . . . , rik) with a 
derangement in -|- 1, ni, . . . , n^). So the corresponding enumerative polynomial is 

ae'D{n+l,ni,...,nk) 
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cr(l) e {2, . . . , n + 1} and o-"^(l) > n + 1. Let a{l) 
a ^ a' £ T>{n, ni, . . . , n^) by 

' cj'(i) = o-(i + 1) - 1, if 1 < i < n; 

a- 
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i. We define the mapping 



a 



cr^i(«)-l ifl<i<^-l 
a^\i + l)-l if£<i<n; 



o-'(i - 1) = o-(i) - 1 



/-I 



if a{i) > i > n + 1; 



(i - 1) = - 1 if cr^^(i) > i > n + 1; 



Clearly w{a) = yq w(a'). Moreover, for each given £ E {2,...,n + 1}, the above 
mapping is a bijection from permutations a G n, . . . , satisfying o"(l) = i and 
(T~^(l) > n + 1 to permutations in P(n, Jii, . . . , n^). Summing over all £ = 2, . . . , n + 1 
yields the generating function: 

qy[n], ^ y--{.)^c.(.)^ 

(TGl'(n,ni,...,nfe) 

cr(l) > n + 1 and a~^{l) G {2, + 1}. Let cr^^(l) = 

a 1-^ a' £ T>{n,ni, . . . ,nk) by 

o-'(i) = o-(i) - 1, if 1 < i < ^ - 1; 

cr'(i) = o-(i + 1) - 1 if£<i<n; 



We define the mapping 



/-I 



a 



a'{i - 1) = a{i) - 1 



/-I 



1 if 1 < i < n; 

if a{i) > i > n + 1; 



(i - 1) = (T~i(i) - 1 if cr^^(i) > i > n + 1; 



Clearly w{a) = q^~'^w{a'). Moreover, for each given (. G {2, ...,n + 1}, the above 
mapping is a bijection from permutations a G V{l,n,ni, . . . ,nk) satisfying a~^{l) = i 
and o"(l) > n + 1 to permutations in V{n, ni, . . . , Uk)- Summing over all ^ = 2, . . . , n + 1 
yields the generating function: 



n 



I. E 

cr£'D(n,ni,...,n.fe) 



cj(l),cr-i(l) G {2, ...,n + l}. Let a(l) = li and cr-i(l) = £2- 
mapping a ^ a' £ V{n — 1, rii, . . . , n^) by 

' cT'(i) = a{i + 1) - 2, 
cr'(i) = o-(i + 2) -2 
a'-i(i) = a-i(i + l) -2 
a'-i(i) = a-i(i + 2) -2 
cr'(i - 2) = o-(i) - 2 



Then we define the 



a 



/-I 



(z-2) 



(7 



if 1 < i < ^2 - 2; 
if £2 - 1 < « < n - 
if 1 < i < ^1 - 2; 
if £1 - 1 < i < n - 
if a{i) > i > n + 1; 
if o-~^(i) > i > ?i + 1 



Clearly w{a) = 2/(7 



{£1+^2-4) 



w{a'). Moreover, for each given £1,(2 £ {2,. 



, n 



1}, the 



above mapping is a bijection from permutations a G T>{l,n, rii, . . . , rii^) satisfying a{l) = 
ii and <T~^(1) = £2 to permutations in P(n — l,ni, . . . ,nfc). Summing over all £i,£2 G 
{2, . . . , n + 1} yields the generating function: 



E 

o'Sl'(n— l,ni, 
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Summing up we obtain ()38p . □ 

When k = 2, Theorem [5] reduces to the orthogonaUty of the g-Laguerre polynomials (jlSp . 
When k = 3, we can derive the following explicit formula from Theorem [TJ 



Theorem 6. We have 

I{ni,n2,ns) = ^ 



(ni + n2 + na - 2s)!g(s - n3)!g(s - n2)!g(s - ni)!q 



?ll + 722 + 77-3 - 2s 

A: 



2/ Q 



Proof. By Theorem [T] with a = and b = we have 



/(ni,n2,n3) = Cq{Ln^{x; q)" 



n\+n2—n3 



E 



"12, ma 



nalg n3!g (m + m^y.q y^^+ns-mi-ms q{'7)H'"2') 

M\qm2\q{m3 + ni-n3)lq{m3 + ni-n2y.qm3\q 



where M = n3 + n2 — ni — m2 — 2m3 . Substituting s = ni+ 1713 and k = 71-3 + 712 — ^1— 7712 — 27713 
in the last sum yields the desired formula. □ 

Remark 2. It would he interesting to give a combinatorial proof of the above result as in IIS^ IS ^ . 
When 9 = 1 such a proof was given in 123^ . 



We end this section with an example. If n = (2, 2, 1), by Theorem [6] we have 



1(2,2,1) = Y^ 



2\q2\qWqS\qy 



E 



^ {B-2s)\q{s-iy.q{s-2)lq{s-2y.q 

l + qf{l + qy)y\ 



5 - 2s 
k 



y'^qm+rr") 



(39) 



On the other hand, the sixteen generalized derangements in 25(2, 2,1), depicted by their 
diagrams and the corresponding weights are tabulated as follows: 






1^ 



2 2 

y q 



y^q 



2 2 
y Q 




y\' 



yV 



yV 



2 2 
y q 
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rv3 



l\3 




,3^2 



y^q 







i\3 



y'^q 



y\' 



Summing up we get X]o-el'{2 2 1) y^^^ q'^'^ = y^(\^ qy){^ + q)^, which coincides with ([39 

5. Proof of Lemma H] 
For each fixed k € [n] define the two subsets of Sn'- 

^Sn = {(y ^Sn\ (J{i) > k for 1 < i < A;}, 
S^ = {a e Sn \ (J{n + 1 - i) < n + 1 - k for 1 < i < A;}. 
We first define a simple bijection <l>/fc : a 1— t- cr' from to S!^ as foUows: for 1 < i < n, 

{a{i + k) — k, \{ 1 < i <n — k and a{i + k) > k; 

a{i + k) + n — k, ifl<i<n — k and a{i + k) < k; 
a{i + k — n) — k, ii n — k + 1 < i < n. 

The map is iUustrated by the diagrams of permutations in Table 1. 



a 



a 



1 


fe fc + 1 i a(i) 
0(1) i 


n 


1 




n 








1 i 


k cr{i) 


n 




k i 







1 i — k cr{i) — k n—k ■/ 

(T(i) — ki — k 

1 \,.__^/ n — k 1 

(j(i) — k 71— k n— k-{-i 



1 



i — k 71 — k n— k-\-(T{i) 



Table 1. The mapping : a ^ a\ 
For example, consider the permutation a G ^5i5, whose diagram is given below. 
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Then the diagram of $3(0") is given by 




The main properties of are summarized in following proposition. 

Proposition 7. For each positive integer k G [n], the map ■ is a bijection such 

that for any a € there holds 

{wex,cr)^k{o') = {wex,cr)a. (40) 

We first show how to derive Lemma H] from Proposition [71 Let n = ni + ■ ■ ■ + n^. Then 
P(ni,n2, . . . ,n^.) C By definition of for any a G "^5n and i £ [n — ni] satisfy- 

ing a{i + ni) > ni, we have i - ^ni{o-){i) = i + ni - a{i + ni), so <l>„j (P(ni, n2, . . . ,nfc)) C 
P(n2, n3, . . . , n^, ni). Since the cardinality of P(ni, 77-2, • • • , n^) is invariant by permutations of 
the rij's and is bijective, we have {T^{ni,n2, . . . , n^)) = P(n2, 723, . . . , n^, ni). The result 
follows then by applying (|40p . 









1 






1 fe n 


1 n — k n 


1 fe n 


1 n — k n 






2 






1 fc n 
fc 


1 n — k ri 
n — fc 






3 






1 fe n 


1 n — k n 


1 fe n 
fe 


1 n — k n 
11 — k 







Table 2. Forms of crossings in Li[a) and Ri{a'). 
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Proof of Proposition [3 It is easy to see that is a bijection. Let a G ^Sn and a' = ^k{(^)- 
Tlie equality wex{a') = wex{a) follows directly from the definition of It then remains to 



and 



that cr{a') = 


= cr{a). 


We first decompose the crossin 


gs of a and a' into three subsets. 




»- 


= {{^J) 


\ k < i < j < a{i) < a{j) 


or 


i> j > (7{i) > aij) > k}, 




»- 




\ i < j < k < a{i) < cr{j) 


or 


i> j >k> a{i) > aij)}, 




»- 


= {{i,j) 


\ i < k < j < a{i) < a{j) 


or 


i> j > c7{i) >k> aij)}, 


Ri{a') = 




J) 1 i < 


j < (^'{i) < '^'(i) ^ n- — k 


or 


n- k>i> j > a'ii) > a'{j)}, 


R2W) = 


{(^: 


j) 1 i < 


j <n - k < a'{i) < a'{j) 


or 


i> j >n-k>a'ii) >a'{j)}, 


RzW) = 




-j) 1 i < 


j < cr'{i) <n-k< a'{j) 


or 


i > n — k> j > aii) > a{j)}. 



The crossings in Lj's and i?j's are illustrated in Table [21 Clearly, we have cr(cr) = Ylf=i 
and cr{a') = XlLi \Ri(.^')\ since a £ ^Sn and a' e S^- 

By the definition of it is readily seen (see Row 1 in Table [3|) that E Liia) if and 

only if {i — k,j — k) G Riia'), and thus |Li((t)| = \Riia')\. Similarly, we have (see Row 2 in 
Table |3]) that |^2(<7)| = \R2io'')\- It then remains to prove that |L3((7)| = \Rsia')\. Let 

L4,{a) = {{i,j) I aii) < k < j <i < aij) or i < k < aij) < aii) < j}. 

Then it is not difficult to show (see Row 4 of Table [3]) that |i?3(o"')| = |L4((t)|. The result will 
thus follow from the following Lemma. 

Lemma 6. For all a G we have \L'^ia)\ = |L4((t)|. 

Proof. Suppose C7([l, k]) = {n,i2, • • ■,ik}< and a^^i[l,k]) = {ji,j2, ■ ■ ■Jk}<- Then 

A: 

\L3i<j)\ = j^(i{^ \k<i<is< aim + \{n^> js > ail) > k}\), 

s=l 
k 

l^4(tT)| = Y,i\{i \l>is> ail) >k}\ + \{i\k<i< js < aii)}\). 

s=l 

For i S [n] define the set Aiia) = {j \ j < i < c(i)}- Then it is easily seen that 

\Ma)\ = \{j\j>i>aij)}\ = \Ma~% (41) 

Noticing that, for s £ [k], 

\{i\k<£<is< ai£)}\ = \{i\i<is< (Jii)}\ - \{i \i < k < i^ < aii)}\ 

= \AM\ - \{t \it > is}\, 

\{i\i> js > aii) > k}\ = \{l\i> js > aii)}\ -\{i\i>js>k> aii)}\ 

= \{£\i>js>ail)}\-\{t \jt>js}\ 
= \AjS<t-')\ - xicy-\js) > js) - \{t \jt > js}\, 
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and 

\{£\i>is> a{l) > k}\ = \Ai^ia-')\ - \{t \ jt > 
\{i\k<£<js< am = \Aj^{a)\ + x{a~Hjs) < js) - \{t \ k > js}\, 
we can rewrite |L3(ct)| and |L4((t)|, using (j^T]) . as follows: 

k 

\L3{a)\ =A- Y,ix{c^'Hjs) > js) + \{t I it > is}\ + \{t \ jt > js}\), 



s=l 
k 



|L4(c7)| =A + Y,ix{(T^Hjs) < js) -\{t\jt> is}\ -\{t\it> js}\), 



s=l 



^heTeA = E'=ii\AM\ + \^M\- 
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Since \{t \ it > is}\ = \{t \ jt > js}\ = k - s, we have 

k 

Y.{\{t\it>is}\ + \{t\jt>js}\) = kik-l). 

s=l 

Also, 

k k 

I >is}\ + \{t\it> js}\) = Yl (xiJt > is) + xiH > js)) = k\ 

s=l s,t=l 

Substituting the above values into and leads to 

k 

\Lz{a)\ - \U{a)\ = k - Y,{x{<y-\js) > js) + xicJ-'Us) < js)) = 0, 

s=l 

where the last equality follows from the fact that a~^{js) 7^ js for all s £ [k]. □ 

6. Proof of Lemma [5] 
Let := ni + 71-2 < n and define 

5^(ni,n.) e 5„ . (^^ ^(i)) ^ [1^ n,]^ u [m + l, N2f}. 

Hence, in the graph of any permutation in iSi"^'"^"* there is no arc between any two integers in 
[l,ni] or [ni + 1, N2]. 

We now construct a mapping r^"^'"'^) ■ cr a' from 5^"^'"^^ to 5^"^'"^^ as follows. For 
i = l,...,n, 

(1) If i > iV2 and cr{i) > N2, set a'{i) = a{i). 

(2) Suppose 

{(i, a{i)) I i < a{i) < N2} = {{h,N2 + l- ji),..., (ip, iV2 + 1 - ip)}, 
i) I < i < iV2} = iV2 + 1 - ^1), • • • , {kg, N2 + 1 - ig)}. 

Then set (y'{js) = N2 + 1 — is and a'{N2 + 1 — kf) = £t for any s G [p] and t G [q']. 

(3) Let C = {i £ [l,N2] : cr{i) > N2} and D = {i G [l,iV2] : a~'^{i) > N2}. It is clear that 
|C|=|i:>|. Suppose C = {ci,C2, . . . ,c„}<, D = {di,d2, ■ ■ • ,(i«}<, o-(C) = {ri,r2, . . . ,r,J< 
and a~^{D) = {si, S2, • • • , s„}<. Then, there are (unique) permutations a, (3 G Su 
satisfying a{ci) = r^(^i~^ and a~^{di) = Sf^f^i) for each 1 < i < u. Let 

E = [1,N2] \ {ji, ...,jp,N2 + l-ki,...,N2 + l- kg}, 
F=[l,N2]\{N2 + l-ii,...,N2 + l-ip,li,...,ig}. 

Clearly, we have \E\ = \C\ and \F\ = \D\. Suppose E = {ei, . . . ,eu}< and F = 
{fi, fu}<- Then set a'(ej) = r^(^i) and a'{si) = /^(i) for each 1 < i < u. 

The mapping is illustrated in Table HI 

For example, if we consider the permutation in Si^'^^ whose diagram is given by 
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Table 4. The mapping r^"!'"^) a ^ a' 




then the diagram of r'^"^'"^^((T) is given by 




It is not hard to check that r*^"'^'"'^^ : Sn — ?• Sn is well defined and bijective because 
each step of the construction is reversible, Actually we can prove, the details are left to the 
reader, that (r("i'"2))-i = 

Proposition 8. For each positive integers ni,n2,n, with N2 < n, the map r^"^'"^^ is a bijection 
from cSi"^'"^^ to such that for each a E Sn"'^'^^\ we have 

(wej;,cr)r(''i'''2)(cj) = {wex,cr)a. (44) 

We first derive Lemma [5] from the above proposition. Let n = ni + 712 + • • • + n^. Then 
P(ni,n2,...,nfc) C ^i"''''^). By definition of r("i''^2), for any a G ^i"''''^) and i > N2 
satisfying a{i) > N2, we have i - r("i'"2)(o-)(z) = i - a{i), so r("i'"2)(P(ni, ns, . . . , n^)) C 
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P(n2, na, . . . , n^, ni). Since the cardinality of V{ni,n2, ■ ■ ■ , Uk) doesn't depend on the order of 
the nj's and r^"'^'"'^) is a bijection, we have 

T(''^>^2)(V{ni,n2, Uk)) = V{n2, ns, • • • , nfc, m). 
Lemma [5] then follows from (|44p . 



i 


^ I \ I J 




1 






1 N2 71 


1 N2 71 


1 N2 n 

N2 


1 N2 n 
N2 






2 






± '^1 JV2 / 1 

"1 W2 


"'2 iV2 It 

"2 N2 






3 






I N2 n 
N2 


I N2 n 

N2 






4 






1 N2 n 


1 N2 n 


I N2 n 

N2 


I N2 n 

N2 






5 






I ni N2 n 


1 "2 N2 n 


\ nx N2 n 

"1 N2 


1 "2 JV2 n 

"2 N2 







Table 5. Forms of the crossings in 



Proof of Proposition [8l It was shown above that r^"'^'"^) is bijective. Let a € Sn and 
a' := r'^"'i'"2)(cr). The equality wex{a') = wex{a) is an immediate consequence of the definition 
of r^"'!'"'^). It then remains to prove that cr{a') = cr{a). The idea is the same as for the proof of 
Eq. (jH). We first decompose the number of crossings of cr and a' . For each permutation 7 G 
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gS"^'"^^(7) = {(^,j) 
G^--)(7) = {(z,j) 
4"'"^^(7) = {(^,J) 
g1"--H7) = {(^,j) 
g(-'-)(7) = {(^,j) 



N2<i<j< 7(«) < 7(i) or i > j > 7(«) > 7(i) > ^^2}, 

« < i < 7(i) < 7(j) < ^^2 or iV2 > « > i > 7(i) > 7(j)}> 

i < i < iV2 < 7(«) < 7(i) or i > i > A^2 > 7(i) > 7(i)}, 

« < iV2 < i < 7(«) < 7(i) or i> j > 7(«) > iV2 > 7(i)}, 

i < j < < N2 < 7(i) or i> N2> j > 7(i) > 7(i)}- 



Clearly, for any 7 G we have cr{'y) = Yli=i 1^1 

5 



'•"^'"^^(7)1. In particular, 

5 



cr{a) = Y,\Gt'-^\a)\ and cr(a') = ^ l^r'^H^O 



(45) 



1=1 



j=i 



The crossings of G-"^'"^^'s and G-"^'"^^'s are illustrated in TableO By the definition of F^^^'^^)^ 



it is readily seen (see Row 1 in TableED that gS"^'"'^) = Gp'"'^(c7') and thus |Gi"''"'^(a)| = 
|^(n2,ni)^^,^|_ gij^iij^^iy^ p^o^g (ggg Table ED that = Icf^'^'VOI for i = 

2,3,4. It remains to prove that = VOI- This will follow from the following 

lemma. 

Lemma 7. Let ni,n2 and n be positive integers with N2 < n and 7 G 5^"^'"^^ Suppose that 



■,(n2,ni) , 



i(ni,n2) , 



(46) 
(47) 

(48) 



-6(7) :={(«, 7(0) I « < 7(0 < ^2} = {(iiji), (^2, j2), • • • , {ipjp)}, 
B{r^) ={(7(0,0 I 7(0 <i<N2] = {(A:i,^i), (^2,^2), ■ ■ ■ , {k,4,)], 
with ii < i2 < • • • < ip and ki < k2 < • • • < kg. Then we have 

i4"""^^(7)i = e(jv - ir) + - - 1) - (T) • 

r=l r=l ^ ^ 

Indeed, suppose 

B{a) = {{ii,N2 + 1 - ii), . . . , {ip, N2 + I- jp)}, 
B{a-^) = {{k,,N2 + 1 - h), {kg, N2 + I- ig)}, 
then, by construction of a' , we have 

B{a') = {{ji,N2 + l-ii),...,{jp,N2 + l- ip)}, 

B{a''^) = {{h,N2 + 1 - kl), {Ig, iV2 + 1 - kg)]. 

By symmetry, the identity (j48l) is also valid on 5n"^'"^^ Applying (f48l) to a' and cr leads to 
|G^"''"'^(cj)| = The proof of Lemma [8] is thus completed. 



Proof of Lemma O For any 7 G 5„ 



(n.2,ni) 



by definition, we have 



l4"""'^(7)l = |{(i, j) M < J < 7(0 < A^2 < 7(i)}| + |{(i, j) I 7(i) < 7(0 < j < iV2 < 01 

+ |{f|i<7(i)<iV2<7^(0}l- (49) 
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Now, by the definition of -6(7) we get 

\ i<3 < 7(i) <N2< 7(i)}| 

p 

= ^\{X \ ir < X < jr <N2< j{x)}\ 
r=l 
P 

= \ ir <X < jr}\ -\{x\ir <X < jr , 7(x) < A^2}|)- 

r=l 

For any r G we have \{x | < x < jV}| = — V — 1 and 

\{x\ir <X < jr , 7(x) < N2}\ 
= \{x \ ir < X < jr , X < 7(x) < A''2}| + \{x \ ir < X < jr , 7(x) < X < N2}\ 

=\{t I ir <it < jr}\ + \{t I ir < < jr}\ (by definition of B{j) and B{j~^)) 

= \{t I ir < it}\ + \{t I It <jr}\, 



22 ANISSE KASRAOUI, DENNIS STANTON, AND JIANG ZENG 

because, by definition of S^^'^^\ ()46p and ()47p . for any integers r and t, we have it < ni, 
kt <ni, jr > ni and it>ni, therefore it < jr and ir < it- 
Summing over all r yields 

p 

\i<j< TW < ^^2 < 7(j)}| = ^{jr -ir-l-\{t\ir < it}\ " \{t \ it < jr}\)- (50) 

r=l 

It follows that 

I 7(j) < tW <i < A^2 < ^}| 

= \ i<j< <N2< 7"'(i)}| 

<? 

= ^{ir -kr-l-\{t\kr< kt}\ - \{t \ jt < ir}\). (51) 
r=l 

As \{i\i< 7(0 < iV2 < 7^(«)}| = l{* I 7(jO > ^2}!, plugging §0^ and §1^) into (09]) leads to 
l4"""'^(7)l = E(jV - V - 1) + X;(4 -kr-l) + \{t I 7(ji) > A^2}| - E |{t I V < 

r=l r=l r=l 

p g g 

r=l r=l r=l 



Since the i^'s and fc^'s are distinct we have 
p 



El{t|v<iai = and Eli*l^-<^*}l= (2)' 

r=l ^ ^ r=l ^ ^ 



(53) 



On the other hand, 



p 



E I ^* < >}i + E li* I J* < ^^'ii = E I ^ j'-ii 

r=l r=l r=l 

= Pq-\{t\jte{il,i2,...,ig}\ 



pq-^\{t\lUt)<N2}\, (54) 



where the last identity follows from the definitions of -6(7) and -6(7""'^). Inserting (|53p and (|54p 
in (|52p we get (j48p . This concludes the proof of Lemma [71 □ 
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